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approach after the Biot–Coussy theory. The material is taken as a porous medium saturated with water
and subject to freezing. The involved thermodynamic laws are recalled to establish the constitutive equa-
tions for the phase change, mass transport and heat transfer processes. As a result, the pore pressure aris-
ing from freezing is converted to macroscopic effective stress through homogenization scheme. The
established model is applied to predict the macroscopic freezing strain of a saturated cement paste
and the theoretical prediction is compared to observed experimental results in (Powers and Helmuth,
1953). The results show that the poromechanical model can reasonably capture the freezing behaviors
from pore pressure accumulation, pore pressure relaxation as well as the thermal shrinkage associated
with the freezing process.
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Cementitious materials, after hydration reactions, have extre-
mely intricate microstructure, containing C–S–H gels, mineral
crystals and pores fully or partially occupied by water. The phase
change of conﬁned pore water to ice can build up important pore
pressure and cause material deterioration at macroscopic scale.
For freezing behavior of cementitious materials, the hydraulic
pressure theory (Powers and Helmuth, 1953) was the ﬁrst system-
atic modeling dedicated to the mechanical effects of freezing water
in pores: it attributed internal pore pressure accumulation to the
viscous ﬂow of liquid water driven by around 9% volumetric in-
crease during water freezing. By this theory, the safety air void
spacing has been correctly predicted for air-entrainment tech-
niques (Powers, 1949). However, the experiments conducted in
(Hodson and Mcintosh, 1960; Beaudoin and MacInnis, 1974)
showed clearly that porous materials could also be damaged by
freezing liquid without volumetric increase during solidiﬁcation.
A micro-ice-lens model has been developed by Setzer (2001) to
take into account the water and heat transport during micro-ice-
crystal formation. Also based on thermodynamic equilibria of
phase change, Penttala derived material freezing deformation by
effective freezing stress arising from crystallization pressure
(Penttala, 2006). The crystallization pressure of freezing water in
pores was detailed by Scherer (1993, 1999). Coussy and Fen-Chong
(2005) proposed a pore model, taking into account both viscous
water ﬂow and thermodynamic equilibrium between ice andll rights reserved.capillary supercooled water, to describe the pore water cryo-
suction and stress relaxation during freezing. This model was later
developed into a comprehensive thermoporoelastic model for
freezing cementitious materials (Coussy, 2005; Coussy et al., 2008).
However, there is not direct experimental veriﬁcation for this
theory. We here try to address the poromechanical framework to
the freezing behavior for cementitious materials with speciﬁc
and deﬁned porosity presented in (Powers and Brownyard, 1947)
and compare the predicted results with the experiment ones pre-
sented in (Powers and Helmuth, 1953). This paper follows the
same thermoporomechanical approach established so far (Coussy,
2005, 2010; Fabbri et al., 2008; Zuber and Marchand, 2004) and
investigates particularly the freezing strain of saturated cementi-
tious materials with and without entrained air. To this aim, this pa-
per starts with the thermodynamic descriptions for phase
equilibria and phase change for water conﬁned in pores, mechan-
ical constitutive equations are derived from standard poromechan-
ics, and then the mass conservation for water and heat transfer are
expressed in terms of pore water pressure and temperature. Using
the established model, the freezing strain measurements on ce-
ment paste presented in (Powers and Helmuth, 1953) are simu-
lated and concluding remarks are drawn on the basis of the
comparison between the simulated and measured strains.
2. Poromechanical modeling
2.1. Ice-water equilibrium in pores
As a saturated porous material is exposed to freezing, the solid-
iﬁcation temperature of pore water depends on the ‘‘throat’’ size
Fig. 1. Liquid saturation degree during freezing vs temperature. The void square is
proﬁled with data from Powers and Brownyard (1947), pp: 955–956, Table 8.6–8.7.
W/C = 0.62, 28 day aged; the dash line is ﬁt by Eq. (7) with Pl = Pm.
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ten depressed since the potential of water in small pores is lower
than that of bulk ice at icing-point, i.e. 0.1 C at atmospheric pres-
sure. For a certain throat size r, the potentials of water and ice are
in equality only when the temperature reaches some depressed de-
grees (supercooling) DT = T  Tf. At this supercooling, it can be as-
sumed that ice occupies all the pores with curvature radius larger
than r and that ice is not to penetrate further to smaller pores un-
less the supercooling DT breaks the ice-water equilibrium. This
principle can be deduced ﬁrstly from Gibbs (chemical) potential
equilibrium for bulk water and ice crystal, then the capillary pres-
sure in freezing pore, difference between ice and water pressures
Pi  Pl, can be expressed as:
Pi  Pl ¼ SfDT þ q
0
i
q0l
 1
 
ðPl  PmÞ; ð1Þ
where Sf ¼ S0l  S0i is the melting entropy of ice, q0l and q0i are the
initial water and ice density at triple point (T = 273.16 K, Pi = Pl = Pm)
and Pm is the atmospheric pressure (101.325 KPa).
As the freezing water is not conﬁned in small pores, the liquid
pressure, second term in left hand of Eq. (1), can be rather low and
be neglected. However, as water and ice are conﬁned in cementi-
tious materials with low permeability or in undrained condition,
the liquid pressure due to viscous ﬂow of water in pore spaces
may reach the magnitude of 100 MPa (Coussy and Monteiro,
2008). This high pressure can have a signiﬁcant impact on the liquid
water content in such material because of 9% volume increase
during phase change fromwater to ice (Coussy andMonteiro, 2009).
In a freezing pore, the mechanical equilibrium between liquid
water and ice crystals can be described by Young-Laplace’s law:
Pi  Pl ¼ 2cilr ; ð2Þ
where cil stands for the interface energy between ice and liquid
water (J/m2). For a drying process of liquid-saturated porous mate-
rials like soil and rock, the van Genuchten equation is well accepted
to express the relationship between pore capillary pressure and
liquid saturation Sl (van Genuchten, 1980),
Pg  Pl ¼ N  S1=ml  1
h i1m
; 0 < m < 1; ð3Þ
where Pg is the gas pressure and N
 and m are adjustable constants
related to material pore structure. Again, mechanical equilibrium
between vapor and liquid water obeys to Young-Laplace’s law,
Pg  Pl ¼
2cgl
r
; ð4Þ
where cgl stands for the interface energy between gas and liquid
water (J/m2). Combining Eqs. (2)–(4) provides,
Pi  Pl ¼ N S1=ml  1
h i1m
; 0 < m < 1 ð5Þ
with deﬁnition N ¼ cil=cgl N . We can rewrite Eq. (5) as,
Sl ¼ 1þ Pi  Pl
N
  1
1m
" #m
; 0 < m < 1: ð6Þ
As water crystallizes in pores, a liquid like layer is assumed to exist
at the interface between ice and solid skeleton (pore wall) and this
part of liquid phase is reported to be crucial for pore water solidiﬁ-
cation process (Takamuku et al., 1997). If this unfrozen liquid layer,
noted by its pore saturation Sr, is included into pore liquid phase,
the above equation can be extended as,
Sl ¼ Sr þ ð1 SrÞ 1þ Pi  Pl
N
  1
1m
" #m
; 0 < m < 1: ð7ÞThe validity of the above equation can be supported by experimen-
tal observation on cement pastes in (Powers and Brownyard, 1947)
that there is unfrozen water in pores until 78 C. The authors esti-
mated furthermore that the maximum amount of unfreezable
water wn = 4Vm with Vm as the quantity of water required to cover
the pore internal surface with a single layer of water molecules
(m3/g) (Powers and Brownyard, 1947). Fig. 1 presents the saturation
degrees Sl in terms of depressed temperature DT from the experi-
mental data in Powers and Brownyard (1947) and Eq. (7). Note that
the liquid saturation can be determined in other ways, such as in
(Fen-Chong et al., 2004, 2006; Fen-Chong and Fabbri, 2005; Fabbri
et al., 2006, 2009). To use Eq. (7), the following parameters are re-
tained: Pl ¼ Pm; Sf ¼ 1:2227 MPa  K1; cil ¼ 0:0409 J m2 (Brun
et al., 1977), Sr ¼ 0:085; N ¼ 0:45 MPa; m ¼ 0:41. It can be found
that Eq. (7) can ﬁt Powers and Browyard’s results reasonably well.
However, in most cases ice forms by heterogeneous nucleation in
porous medium at some depressed temperature rather than
immediately at triple point due to energy barrier (Scherer, 1993;
Shaw et al., 2005). As schematically shown in Fig. 1, when ice nucle-
ation is delayed to 1  C, a large amount of ice is to form instanta-
neously at this delayed nucleation temperature and may create high
pressure. This nucleation delay is to be discussed further in
Section 3.
2.2. Freezing strain and stress
Consider a deformable porous medium with total porosity of /
initially saturated with water. The porosity / excludes the volume
of entrapped and/or entrained voids. Under freezing the pores are
progressively invaded by ice nucleation and occupied by two
phases: the wetting liquid phase (with subscript l) and the non-
wetting ice (with subscript i). The relative volumes of the two
phases satisfy:
/ ¼ /l þ /i; Sl þ Si ¼ 1; ð8aÞ
/J¼l;i ¼ /0SJ þuJ; ð8bÞ
where /0, / stand for initial and current porosities and uJ for partial
porosity changes due to deformation of the porous volume occupied
by the phase J. According to the standard unsaturated poroelasitic-
ity developed by Coussy (2004, 2005, 2010), the linearized form of
constitutive equations for an isotropic porous medium under freez-
ing writes,
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3
G
 
I þ 2G biPi þ blPl þ asðT  Tf Þ
 
I; ð9aÞ
ul ¼ blþ
Pl
Nll
þ Pi
Nli
 a/lðT  Tf Þ; ð9bÞ
ui ¼ biþ
Pl
Nil
þ Pi
Nii
 a/iðT  Tf Þ: ð9cÞ
Here r, , I are stress, strain and unit tensors of second order,
 = tr() is the trace of strain tensor, bJ, NIJ are respectively the gen-
eralized Biot coefﬁcients and Biot coupling coefﬁcients, K, G are bulk
and shear moduli of porous medium, and as, a/J denote respectively
the thermal dilatation (volumetric) coefﬁcient of skeleton and cou-
pling dilatation coefﬁcients. The bulk moduli K, G can be evaluated
in terms of the bulk modulus of solid skeleton ks, its shear modulus
gs and initial porosity /0 by adopting the Mori–Tanaka homogeniza-
tion scheme (Mori and Tanaka, 1973), see Appendix A.
Consider now a stress-free freezing case, i.e. the applied exter-
nal stress is null. The volumetric strain can be evaluated from Eq.
(9a) as,
r ¼ 0 :  ¼ 1
K
ðbiPi þ blPlÞ þ asðT  Tf Þ; ð10Þ
where strains from two origins are identiﬁed: mechanical strain
from pore effective pressure rp = biPi + blPl and thermal strain from
temperature change DT = T  Tf. If the strain is measured only in
one direction, e.g. along x axis, the measured linearized strain xx is,
xx ¼ 13  ¼
1
3K
biPi þ blPlð Þ þ 13asðT  Tf Þ: ð11Þ
If, furthermore, the temperature proﬁle T(x) and pore pressure
proﬁle rp(x) are not uniform in the measured domain x 2 [0,L],
the average strain over L can be evaluated as:
xx ¼ DLL ¼
1
L
Z L
0
xxdx ð12Þ
More deepened analysis about the pore pressure rp contribu-
tion to cryo-deformation can be found in (Coussy, 2005; Coussy
et al., 2008), and the viscous ﬂow pressure is identiﬁed as an
important contribution to cryo-swelling of freezing porous med-
ium. That conﬁrms the mechanism of air entrainment to increase
the freezing resistance of porous medium since the air voids
provide shorter distance for viscous ﬂow leading to lower ﬂow
pressure. Freezing strain analysis on cement pastes with and with-
out air entrainment cases is presented in Section 3.
2.3. Mass and heat conservations
As a saturated porous medium is subject to freezing, the volume
change by almost 9% due to water-ice phase change in pores cre-
ates viscous water ﬂow from nucleation sites to unfrozen pores
while the lower potential of ice than water makes liquid water ﬂow
to nucleation sites. The liquid water ﬂux by both driving sources
can be described in Darcy’s law,
wl ¼ ql
DrD
0
l
gl
rPl; ð13Þ
where D0l ;Dr are respectively the intrinsic and relative permeabili-
ties of material, and gl the viscosity of liquid. D0l depends on the
pore structure while Dr is highly dependent on the liquid saturation
degree Sl. For cementitious materials, a semi-empirical power law is
usually assumed for relative permeability, i.e. Dr ¼ Snl . Powers
adopted n = 3.6 for cement pastes (Powers, 1949). The water viscos-
ity gl is temperature dependent, and the relevant literature provides
the following expression, gl = 7.934  107exp(2608.075/T)Pa  s
(Abdulagatov and Azizov, 2006).The total water mass includes the solid part mi and liquid part
ml, i.e.mH2O ¼ mi þml. Note that the ice crystals are often assumed
to be not transportable (Setzer, 2001). Hence, the mass change of
water is solely due to liquid water transport, ﬂow and/or ice nucle-
ation. Accordingly, the mass conservation for total water mH2O can
be written as,
@mH2O
@t
¼ r wl: ð14Þ
Taking into account the porosity deﬁnition in Eq. (8a), the total
water mass in freezing porous medium writes,
mH2O ¼ qlð/0Sl þulÞ þ qið/0Si þuiÞ: ð15Þ
Substitution of Eq. (13), (15) and Eq. (B.2) into Eq. (14) provides the
water mass conservation equation in terms of liquid water pressure
Pl and temperature T:
rDl
gl
qlrPlþ
@
@t
q0i Pl
1
C
þ/0Si
1
ki
 1
kl
   	
¼q0i
d
dt
1q
0
i
q0l
 
/0SiSfCðTÞðTf TÞ/0@ðTÞðTf TÞ
 	
; ð16Þ
where Dl ¼ DrD0l is the effective permeability of porous material,
the item 1/C is the liquid storage coefﬁcient of a porous medium
originally deﬁned in soil and rock mechanics (Detournay and Cheng,
1994). The item C(T) accounts for the coefﬁcient of volume change
of ice by liquid pressure, see also (Boukpeti, 2008), and @ðTÞ stands
for the pore volume change by thermal effects. The detailed math-
ematical derivation of Eq. (16) and the correlated parameters are
presented in Appendix B.
The heat conservation for a freezing porous medium states that
the change rate of material entropy is equal to the addition of con-
vection heat storage by liquid water ﬂow and conduction heat stor-
age, that is,
@S
@t
¼ r  S lwl  1Tr Q; ð17Þ
where the conduction heat ﬂux Q can be depicted by Fourier’s
law, Q ¼ krT with k as bulk heat conductivity of material. Note
that in Eq. (17), the ﬂuid dissipation has not been considered due
to its negligible contribution since the liquid pressure Pl is found
to be at low level for cases in Section 3.2, see Appendix C for de-
tails. The total entropy S is composed of the entropy of solid
skeleton Ssk, entropy of pore liquid water and ice
P
J¼i;lSJmJ and
the fusion heat of ice (if formed) Simi. After the mathematical
derivation given in Appendix C, the entropy rate can be evaluated
as,
1
T
C0skjP þ /0q0l C0ljP  /0Siq0i Cf

 h i @T
@t
þ /0qi Sf
ai
q0i
ðT  Tf Þ  1
 
Cf ln T=Tf
 þ al
q0l
 ai
q0i
 
ðPl  PmÞ

@Si
@T
@T
@t
¼ 1
T
r  krT; ð18Þ
where Sf ;Cf are the entropy and heat capacity differences of water
and ice, Cf ¼ C0ljP  C0ijP . The bulk heat conductivity k takes into ac-
count the contribution of all phases in freezing porous medium,
and an expression from (Hashin, 1983; Hashin and Shtrikman,
1962) for statistically isotropic composite material is retained,
k ¼ ks þ /0ð1 /0Þ=3ks þ ks=ðSlkl þ Siki  ksÞ
ð19Þ
with ks,l,i standing for heat conductivities of solid skeleton, pore li-
quid phase and pore ice phase respectively.
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3.1. Numerical solution of thermoporoelastic problem
For a saturated deformable porous medium, the freezing behav-
iors can be described completely by the above equations. The
mechanical constitutive relation is expressed by Eq. (9a) and the
freezing case by Eq. (12) with , Pi, Pl, T as basic variables; the water
mass conservation is expressed in Eq. (16) with Si, Pl, T as basic
variables; the heat conservation is depicted by Eq. (18) with Sl, T
as basic variables. The Eq. (7) gives the fundamental relation be-
tween saturation degree Sl and capillary pressure Pi  Pl, which is
correlated with the basic variables Pl, T by Eq. (1). Thus, totally ﬁve
equations are available with ﬁve variables: , Pi, Pl, Sl, T, and the
equations are mathematically closed.
For the numerical solution, an algorithm by ﬁnite volume
method is developed for these coupled partial differential
equations. The involved equations, together with the relevant
initial and boundary conditions, are discretized both in spatial
domain and temporal domain.
3.2. Case study: saturated cement pastes with and without air
entrainment
The established model is applied to calculate the freezing
strains of saturated cement pastes published in Powers and
Helmuth (1953) and compare the model prediction with the exper-
imental data. Since the pore structure of samples were not
available in (Powers and Helmuth, 1953), the pore structure data
with a similar mixing (W/C = 0.62) from the same author is
retained in our analysis (Powers and Brownyard, 1947). Using
Eq. (7), the relation between pore liquid saturation and tempera-
ture is calculated and presented in Fig. 1.
Freezing strains are calculated for samples with and without
entrained air for one dimensional case. The parameters retained
for the thermoporoelastic model are recapitulated in Table 1. The
initial conditions and boundary conditions for both cases are listed
in Table 2. For both cases, cooling is prescribed on one edge of sam-
ple, viz. T(t,x = 0) = f(t), and according to the curve shown in top
half of Fig. 2 given in (Powers and Helmuth, 1953). For air en-
trained sample, the ice pressure at one edge is set to be constant
and equal to 0.1 MPa (Pi(t,x = 0) = 0.1 MPa), while the liquid pres-
sure is taken the same value for non air entrained sample
(Pl(t,x = 0) = 0.1 MPa). The length retained for air-entrained sample
is the half distance of two adjacent air voids measured by theTable 1
Thermoporoelastic properties in numerical analysis.
Parameter Value Unit S
/ 0.45 – P
q0l 999 kg/m
3 W
q0i 917 kg/m
3 Ic
kl 1.75 GPa W
ki 8.65 GPa Ic
kl 0.56 w/(mK) H
ki 2.14 w/(mK) H
ks 0.53 w/(mK) H
C0ljP 4218 J/(kgK) H
C0ijP 2110 J/(kgK) H
C0sjP 1.47  10
6 J/(m3K) H
al 298  106 K1 W
ai 154  106 K1 Ic
as 30  106 K1 S
D0l 2  10
19 m2 W
ks 31.8 GPa B
gs 19.1 GPa Sauthors, i.e., L = 0.016 in  0.4 mm while for the sample without
air entrainment the length is taken as the half of sample length,
i.e. L = 0.125 in  3.2 mm. The observed and predicted freezing
strains are presented in Fig. 2.
It can be seen that the numerical results reproduce reasonably
well the experimental observations in (Powers and Helmuth,
1953). As the cooling process starts from about 4 C, material be-
gins to shrink for both samples due to thermal contraction, fol-
lowed by an expansion peak at t = 12 min (  1 C) due to
relatively important quantity of ice formation. To simulate this
expansion peak, the nucleation point is delayed to 1 C in Fig. 1,
hence the numerical simulation also gives the expansion peak at
this moment. This reﬂects in fact the energy barrier to overcome
for liquid water in pores to nucleate. After this point, the pore pres-
sure is simultaneously controlled by viscous pressure by liquid
ﬂow and crystallization pressure by ice formation, of which the rel-
ative importance depends on the ice formation rate and pore
structure.
For air-entrained case, this expansion behavior in Fig. 2 ends at
t=15 min. One can assume that both effects are present during this
period. As cooling suddenly stops at t = 30 min, the contraction of
material does not stop simultaneously but presents a transitional
contraction. That is an obvious evidence for pore pressure relaxa-
tion by viscous ﬂow. The pore pressure relaxation time lasts about
8 min, which can be estimated by viscous ﬂow: s = gl  L2/
(4Dl  DPl)  420 s with gl  1.633  103 Pa  s, L2 = 16  108 m2,
Dl  3.11  1020 m2, DPl  5  106 Pa. As cooling restarts from
t = 52 min, the numerical prediction gives ﬁrstly a small expansion
followed by a contraction. In Fig. 3 are illustrated separately the
thermal shrinkage and pore pressure-induced strain, showing that
the thermal contraction is relatively small compared to the contri-
bution of pore pressure. For air-entrained sample, the pore pres-
sure is the main contraction source, and this negative pore
pressure arises from the capillary equilibrium of liquid water and
ice crystals as entrained air voids provide an atmospheric pressure
to ice.
For non-air-entrained case, the sample undergoes signiﬁcant
expansion from t = 12 min to t = 30 min, due to viscous ﬂow pres-
sure as well as pore crystallization pressure. As the cooling stopped
at t = 30 min and the temperature was kept constant for 22 min,
the sample was observed to expands slightly, probably due to
the diffusion process of gel water to ice nucleation site according
to (Powers and Helmuth, 1953). Our model predicts a continuous
expansion from t = 10 min to t = 30 min, a slight contraction during
the cooling platform and an expansion afterwards, see Fig. 2.igniﬁcance Source
orosity (Powers and Helmuth, 1953)
ater density (Speedy, 1987)
e density (Speedy, 1987)
ater compressibility (Speedy and Angell, 1976)
e compressibility (Nagornov and Chizhov, 1990)
eat conductivity of water (Lide and Frederikse, 2003-2004)
eat conductivity of ice (Lide and Frederikse, 2003-2004)
eat conductivity of skeleton (Xu and Chung, 2000)
eat capacity of water (Lide and Frederikse, 2003-2004)
eat capacity of ice (Lide and Frederikse, 2003-2004)
eat capacity of solid skeleton (Xu and Chung, 2000)
ater dilation coefﬁcient (Speedy, 1987)
e dilation coefﬁcient (Nagornov and Chizhov, 1990)
keleton dilation coefﬁcient (Powers and Brownyard, 1947)
ater permeability (Powers and Helmuth, 1953)
ulk modulus of skeleton (Ulm et al., 2004)
hear modulus of skeleton (Ulm et al., 2004)
Table 2
Initial and boundary conditions in applied case.
Initial condition Boundary condition
Cement paste with entrained air
Temperature T(t = 0,x) = 277(K) T(t,x = 0) according to Fig. 2
Heat ﬂow – Q  n(t,x = L) = 0
Liquid pressure Pl(t = 0,x) = 0.1(MPa) Pi(t,x = 0) = 0.1 MPa
Water ﬂow – wl  n(t,x = L) = 0
Cement paste without entrained air
Temperature T(t = 0,x) = 277(K) T(t,x = 0) according to Fig. 2
Heat ﬂow – Q  n(t,x = L) = 0
Liquid pressure Pl(t = 0,x) = 0.1(MPa) Pl(t,x = 0) = 0.1(MPa)
Water ﬂow – wl  n(t,x = L) = 0
Fig. 2. Modeling and experimental results for freezing expansion of saturated
cement paste: L = 400 lm retained for numerical simulation and experimental
curves regenerated from Fig. 2, pp. 286 in Powers and Helmuth (1953).
Fig. 3. The strain contributions of temperature and pore pressure with air void; the
thermal dilation/contraction is relatively small, while the shrinkage by cryo-suction
is much larger than that by thermal effect.
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t = 12 min to t = 30 min supports the expansion, during the cooling
platform the pore pressure relaxes very slowly due to much longer
distance between (natural) air voids and lower permeability of par-
tially ice ﬁlled pores (  1024 m2). As the cooling resumes from
t = 52 min, the ice formation compensates both the contraction
by pressure relaxation and the thermal shrinkage.
3.3. Further discussion
Form the above case study, it is showed that the freezing strain
is largely controlled by the pore pressure accumulated during the
freezing, which is intimately related to one intrinsic property of
porous medium: pore structure. Pore structure or pore size distri-
bution, intrinsic property of porous material, is a basis for ice or
water content determination under freezing. According to the
Gibbs–Thomson equation, the equilibrium temperature or de-
pressed temperature is reciprocal of throat size. Therefore, if the
pore structure contains more large pores, most of freezable pore
water can be frozen under small depressed temperature, the freez-ing expansion peak, consequently, is signiﬁcant even for cement
pastes with air entrainment. If, on the contrary, the pore distribu-
tion is more centered on small pores, the freezing expansion peak
is to be delayed to larger supercooling degrees, the freezing peak
will even not appear since the thermal contraction can dominate
the pore pressure effect. Pore structure determines another funda-
mental property of porous medium: permeability. Pore structure
with high percolation degree gives large permeability. The pore
pressure relaxation directly depends on the permeability of porous
medium to liquid water. Larger permeability gives shorter relaxa-
tion time, thus more freezable water can be transported to nucle-
ation sites, giving more important ice formation and usually more
detrimental to material durability.4. Concluding remarks
1. The freezing behavior of porousmedium saturated with water is
described in this paper through a thermoporoelastic approach.
The established model includes mass conservations of water
(pure liquidwater and ice), heat conservationof saturatedporous
medium as well as the fundamental relation between liquid sat-
uration and pore capillary pressure. In fact, it is this relationship
that globalizes the detailed progressive freezing process of liquid
in a speciﬁc pore structure of cementitiousmaterials as shown in
Gibbs–Thomson equation. With liquid pressure, temperature as
independent variables, the involved coupled partial differential
equations are solved by ﬁnite volumemethod and the numerical
model is available for further study on the freezing behavior in
saturated porous materials.
2. By the numerical application to cement pastes in freezing, the
numerical results reasonably agree with the freezing strains
measured in experiments. The freezing expansion is captured
by the model through pore hydraulic pressure and ice forma-
tion pressure. The hydraulic pressure has an important relaxa-
tion property related to viscous ﬂow during freezing and ice
formation, which is well veriﬁed by the experiment and cap-
tured by the numerical results for both samples with/without
air entrainment.
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For a porous materials with assumption that pores are statisti-
cally isotropic and embedded in solid phase, the effective bulk
modulus and shear modulus can be estimated by Mori–Tanaka
homogenization scheme (Mori and Tanaka, 1973) (equal to
Hashin–Striktman upper bound, cf. Hashin and Shtrikman (1962),
Hashin (1983):
K ¼ 4gsksð1 /0Þ
3/0ks þ 4gs
; ðA:1aÞ
G ¼ gsð8gs þ 9ksÞð1 /0Þ
5/0ð4gs þ 3ksÞ þ ð8gs þ 9ksÞð1 /0Þ
; ðA:1bÞ
In case of isodeformation hypothesis, the Biot’s tangent modulus bJ,
generalized Biot coupling modulus 1/NIJ and the thermal coupling
dilatation coefﬁcient a/J of the partial pore volume occupied by
phase J observe Coussy (2005, 2010):
b ¼ bi þ bl ¼ 1 Kks ; bJ¼i;l ¼ bSJ; ðA:2aÞ
1
NJJ
þ 1
Nil
¼ 1
ks
ðbJ  /SJÞ; ðA:2bÞ
a/J ¼ asðbJ  /0SJÞ: ðA:2cÞFig. 4. Ratio Df/(Dth + Ds) with respect to distance to surface. The material without
air entrainment is used, and the same initial and boundary conditions as presented
in bottom half of Table 2.Appendix B. Derivation of mass conservation equations
The water mass conservation equation, Eq. (16), is derived
ﬁrstly by recalling Eqs. (13)–(15). Substitution of Eqs. (13),(15) into
Eq. (14) gives,
@
@t
½qlð/0Sl þulÞ þ qið/0Si þuiÞ ¼ r  ql
DrD
0
l
gl
rPl
 !
: ðB:1Þ
The density qJ and entropy SJ for unfrozen water and ice crystals are
functions of pressure PJ and temperature T (Coussy, 2005; Fabbri
et al., 2008), given by:
qJ¼i;l ¼ q0J 1 aJðT  Tf Þ þ
1
kJ
ðPJ  PmÞ
 
; ðB:2aÞ
SJ¼i;l ¼ S0J þ C0JjP ln
T
Tf
 
 aJ
q0J
ðPJ  PmÞ ðB:2bÞ
with q0J ;S
0
J for density and entropy in reference state
T ¼ Tf ; C0JjP ; kJ ;aJ for heat capacity, compressibility modulus and
thermal dilatation coefﬁcient of phase J respectively. Substitution
of density deﬁned in Eq. (B.2a), deformed porosities in Eqs.
(9b),(9c) and volume strain in Eq. (10) into Eq. (15) yields:
ql /0Sl þulð Þ þ qi /0Si þuið Þ
¼ q0i /0Si þ q0l /0Sl þ q0i
/0Si
ki
q0i
q0l
þ bibl
K
þ q
0
i
q0l
b2i
K
þ 1
Nil
þ q
0
i
q0l
1
Nii
 !
Pl
þ q0l
/0Sl
kl
þ b
2
l
K
þ q
0
i
q0l
bibl
K
þ 1
Nll
þ q
0
i
q0l
1
Nil
 !
Pl
 q0i /0Siai  bias þ a/i
 þ q0l /0Slal  blas þ a/l  ðT  Tf Þ
 q0i
/0Si
ki
þ b
2
i
K
þ 1
Nii
 !
þ q0l
bibl
K
þ 1
Nil
 " #
Sf ðT  Tf Þ: ðB:3Þ
Note that in deriving this equation some ﬁrst order approxima-
tions are adopted to simplify the expression: q0l  q0i and
1 q0l =q0i  0. Substitution of Eq. (B.3) into Eq. (B.1) gives ﬁnally
the Eq. (16),r  Dl
gl
qlrPl þ
@
@t
q0i Pl
1
C
þ /0Si
1
ki
 1
kl
   	
¼ q0i
@
@t
1 q
0
i
q0l
 
/0Si  SfCðTÞðTf  TÞ  /0@ðTÞðTf  TÞ
 	
;
where the term 1/C, the liquid storage coefﬁcient of a porous med-
ium is given by:
1
C
¼ 1
M
þ b
2
K
;
1
M
¼ 1
Nll
þ 2
Nil
þ 1
Nii
þ /0
kl
ðB:4Þ
and the volume change coefﬁcient of ice by liquid pressureC(T) and
pore volume change coefﬁcient by thermal effect @ðTÞ are, respec-
tively, expressed as:
CðTÞ ¼ bbi
K
þ 1
Nii
þ 1
Nil
þ /0Si
ki
ðB:5aÞ
@ðTÞ ¼ ðal  asÞ þ Siðai  alÞ ðB:5bÞAppendix C. Derivation of heat conservation equations
The overall heat conservation of a porous material can be given
by (see for instance, Coussy, 2005; Coussy, 2010):
T
@S
@t
þ Tr  ðS lwlÞ þ r Qþwlql
 rPl ¼ 0; ðC:1Þ
where, the term Ds ¼ Tr  ðS lwlÞ is deﬁned as the intrinsic dissipa-
tion of pore ﬂuid, the term Dth ¼ r Q is the dissipation of heat, and
the term Df =wl/ql  rPl is the dissipation of ﬂuid due to Darcean
ﬂow. Systematic calculations indicate that the contribution of the
ﬂuid dissipation due to Darcean ﬂow is relatively small, see Fig. 4.
When neglecting the term Df, the Eq. (17) is obtained.
Let us now consider a representative elementary volume (REV).
The total material entropy deﬁned on this volume, S, is the sum of
entropy of three phases: solid skeleton, liquid water and ice
crystals.
S ¼ Ssk þ S lml þ Simi; ðC:2Þ
where mJ=i,l is the mass of phases occupying pore space, i.e.,
mJ = qJ/J. The entropy change rate can thus be deduced as,
@S
@t
¼ @
@t
SskþSlmlþS imið Þ¼ @
@t
Sskþml@Sl
@t
þSl@ml
@t
þmi@S i
@t
þS i@mi
@t
:
ðC:3Þ
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the entropy gradient of liquid water, since jwlrSlj 	 jSlr wlj,
which gives
r  ðSlwlÞ ¼ wl  rSl  S lr wl  S lr wl ðC:4Þ
Substituting Eqs. (C.4) and (C.3) into Eq. (17), and considering Eq.
(14) one can obtain the following expression,
@
@t
Ssk þml @S l
@t
þmi @S i
@t
þ ðSi  S lÞ @mi
@t
¼ 1
T
r  krT ðC:5Þ
In inﬁnitesimal transformation, the ice formation rate is assumed to
be proportional to rate of ice content,
@mi
@t
 q0i /0
@Si
@t
¼ q0i /0
@Si
@T
@T
@t
ðC:6Þ
A simpliﬁed relation adopted for dSJ=dT and heat capacity CJjP:
dSJ
dT
¼ CJjP
T
ðC:7Þ
Substitution of Eqs. (1), (C.6) and (C.7) into Eq. (C.5) can give Eq.
(18),
1
T
C0skjP þ /0q0l C0ljP  /0Siq0i Cf

 h i @T
@t
þ /0qi Sf
ai
q0i
ðT  Tf Þ  1
 
Cf ln T=Tf
 þ al
q0l
 ai
q0i
 
ðPl  PmÞ

@Si
@T
@T
@t
¼ 1
T
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